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Exercise 6.1 (Quantifier Elimination)
Eliminate the quantifiers in the following formula with the method described in class.

ϕ = ¬∀x : 3x < 2y ∨ y < 2x

Exercise 6.2 (Parikh Image of Regular Languages)

a) Let L be a regular language. Show that the Parikh Image Ψ(L) is semi-linear.

b) Show that for each semi-linear set S ⊆ Nd, there is a regular language L over
Σ = {a1, . . . , ad} with S = Ψ(L).

Exercise 6.3 (Closure Properties of Semi-linear Sets I)
Let S =

⋃`
i=1 L(ci, Pi) ⊆ Nn be semi-linear.

a) Show that S∗ can be described as:

S∗ =
⋃

I⊆{1,...,`}

L

(∑
i∈I

ci,
⋃
i∈I

Pi ∪ {ci}

)
.

b) Let f : Nn → Nm be a linear function. Prove that f(S) is semi-linear.

Exercise 6.4 (Closure Properties of Semi-linear Sets)
To prove that semi-linear sets are closed under intersection, we showed that the intersection
of two linear sets L(c, {u1, . . . , um}) and L(d, {v1, . . . , vn}) ⊆ Nd is semi-linear. We defined

B =

{
(x1, . . . , xm, y1, . . . , yn) ∈ Nm+n

∣∣∣∣∣
m∑
i=1

xi · ui =

n∑
i=1

yi · vi

}
.

Let SB be the set of minimal elements with respect to the product order: We have u ≤ v
if and only if u(i) ≤ v(i) for all i = 1, . . . , d.
Prove that B = L(0, SB).
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