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Christmas Exercise

Exercise 8.1 (Alternation bounded QBF and collapsing of the polynomial hierarchy)

Consider the following definition:

• ΣiQBF = {ψ |ψ = ∃x1 ∀x2 . . . Qi xi ϕ(x1, . . . , xi) is true },

• ΠiQBF = {ψ |ψ = ∀x1 ∃x2 . . . Qi xi ϕ(x1, . . . , xi) is true },

where xj denotes a finite sequence of variables and Qi is a quantor. Note that there are
at most i− 1 alternations of quantors.
These alternation bounded QBF problems will help us to understand the polynomial
hierarchy in more detail:

a) Show that ΣiQBF is in ΣP
i and that ΠiQBF is in ΠP

i .

b) Prove that ΣiQBF is ΣP
i -hard with respect to polytime reductions and that ΠiQBF

is ΠP
i -hard with respect to polytime reductions.

Hint: Take an arbitrary language in ΣP
i and reduce it to ΣiQBF . Note that we

showed that QBF is PSPACE-complete. Extract the idea from this proof.

Exercise 8.2 (co-Oracles)
Let C be a complexity class. Show that using oracles for C is equivalent to using oracles
for co-C:

a) Prove that NPB = NPB̄ for any problem B in C.

b) Conclude that we have: NPC = NPco-C .



Exercise 8.3 (Minimal Boolean formulas)
Two Boolean formulas are called equivalent if they have the same value on any assi-
gnment to the variables. A formula ϕ is called minimal if there is no smaller formula
that is equivalent to ϕ.
Consider the problem:

MIN = {ϕ |ϕ is minimal}.

a) Show that deciding whether two formulas are equivalent is in co-NP.

b) Prove that the co-problem NOTMIN = {ϕ |ϕ is not minimal} is in NPNP.

c) Conclude that MIN is a problem in ΠP
2 .

Wish you all a merry Christmas and a very happy new year. Enjoy your vacation!
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