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Exercise 1
Let⊴ be a partial order on some set V.

a) Let X, Y ⊆ V be subsets of Vwith X ⊆ Y. Prove that X ↑⊆ Y ↑.
Does Min(X) ⊆ Min(Y) also hold?

b) Prove that the union of upward-closed sets is again upward closed.

c) Prove Lemma 6.8 from the lecture notes:
Let X ⊆ V be upward closed, i.e. X = X ↑, then X = Min(X) ↑.
Hint: Prove both inclusions separately. For one inclusion, you can use Part a).

Exercise 2: The subword relation
Let Σ be some fixed, finite, non-empty alphabet. We consider the set of words Σ∗ over Σ.

We define the subword relation ⪯ on Σ∗ as follows: We have v ⪯ w if v can be obtained from
w by deleting letters. This means that w = a0a1 . . . ak for some ai ∈ Σ, and v = aj0aj1 . . . ajℓ for
0 ≤ j0 < j1 < . . . < jℓ ≤ k.

For example, consider the alphabet
{
a, b

}
and w = aba. The words ε, a, b, aa, ab, ba, aba are

smaller with respect to⪯ thanw.

a) Prove that⪯ is a partial order.

b) For each of the following languages over Σ =
{
a, b, c

}
, each represented by a regular expres-

sion, present their minimal elements and check whether they are upward-closed.

• aΣ∗bΣ∗c

• ab ∪ bΣ∗a ∪ aabb

• cΣ+c

Recall that Σ+ = Σ∗ \
{
ε
}
.

c) Let w ∈ Σ be a word. How can one obtain a representation of the upward closure of the
singleton set containingw, i.e.

{
w
} ↑ ?



Exercise 3: A not so intricate scheduling problem
Consider the instance of MOFST with the tasks T =

{
τ1, τ2, τ3

}
specified by the table below,

andm = 2 processors.

Cτ Dτ Tτ
τ1 1 1 2
τ2 2 2 2
τ3 1 2 2

Construct and solve the scheduling game for this input.


